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ABSTRACT

This report describes the results of an investigation of the effect
of vibration on convective heat transfer. The research was divided into
three areas; an analytical solution was sought, an experimental apparatus
was constructed, and a theoretical investigation was conducted into the

effect of vibration on the properties of a cryogenic fluid.

Analytical: A mathematical model of the following problem is derived:

Consider the laminar two-dimensional natural

convection of a fluid enclosed between two

plane parallel vertical boundaries which are

held at different uniform temperatures. The

space between the vertical boundaries is closed

by two insulated horizontal boundaries. In the

remaining direction the space is considered to

extend to infinity. The enclosure is subjected

to vibration in a direction parallel to or per-

pendicular to the gravity field.
In the derivation of the governing equations of the above problem the enclosed
fluid under thermal equilibrium conditions is assumed to move as a bulk when
the enclosure is vibrated. The validity of this assumption, which is crucial
to the mathematical formulation, is discussed inh detail and it is shown that
the anticipated range of enclosure vibratory conditions over which the assump-
tion should be valid is not negligibly small. The governing equations are
solved using numerical techniques and an IBM 360 digital computer. The
computer program is verified by comparing computational results for the
non-vibratory case with those results currently available in the literature.
Nusselt number versus time curves for two enclosure vibratory conditions
for air as the enclosed fluid are presented and compared to the curve for

the stationary enclosure case.

The problem is also analyzed using the technique of dimensional analysis,



and a complete and independent set of dimensionless parameters is derived.
This analysis considers the total problem without employing simplifying

assumptions.

Experimental: Subsequent to the decision to study a rectangular
geometry, design criteria were established for the construction of a test
cell. These criteria involved the characteristics of the electrodynamic
vibration system which was used. A preliminary dummy cell was constructed
to investigate the characteristics of induced transverse vibrations. The
design of the test cell then proceeded with due regard for the "crosstalk"
problem as well as the necessity for extensive thermal and vibration instru-
mentation. A guarded electrical hot plate was used in conjunction with a
water or refrigerant cooled cold plate. The test cell may be expanded to
several widths by the insertion of various plexiglass sidewall assemblies.

The test cell was constructed and fully instrumented and subjected
to a series of validating non-vibratory tests. Results of these tests are

shown which indicate that the apparatus will yield high integrity data.

Transport Properties: An effort was made to determine the effect

of vibrations upon the transport properties of liquids from the molecular
theory of matter. It was concluded from a study of the literature that
the molecular theory of liquids has not reached the stage of development
where analytical methods may be utilized to determine the transport pro-
pérties even under static conditions. As a result of this conclusion,
attention was turned to the molecular theory of gases and solids. The
idea here was that, although the primary interest in this project is in

cryogenic liquids, if one could determine that vibration had some effect



upon the properties of either gases or solids, then one could deduce at
least some sort of order of magnitude of the effect of vibrations upon
the transport properties of liquids. Again, however, the theory of solids
and gases is not well enough developed to allow quantitative calculation
of the effect of vibrations upon the transport properties. It was concluded
that any effort dealing with the effect of vibrations upon transport pro-
perties of matter should be approached from the experimental standpoint
rather than from the analytical standpoint.

In dealing with the effect of vibrations upon heat transfer the ques-
tion arises as to whether or not the vibrations contribute significantly
to the energy input to the system under study. If the vibrational energy
input to the material is significant, the energy equations must be modified
to account for this additional energy input. Molecular theory was used
to evaluate the energy input to a system composed of an ideal gas under
the influence of vibrations. It was possible to evaluate time rate of
energy input due to vibrations of an ideal gas confined within a rectan-
gular enclosure. Equations were derived for the time rate of energy input
as a function of acceleration level, vibrational frequency and container
dimensions for ideal gases. In addition, equations were derived for deter-
mining the equilibrium temperature which would result when an ideal gas
confined within a rectangular enclosure was subjected to vibrations at a
particular level over some interval of time. Energy inputs and equilibrium

temperatures were evaluated for example cases.




INTRODUCTION

It is the purpose of this research program to determine the effects
of different vibrational modes on convective heat transfer in enclosures.
The need for information of this nature is broad but has been pointed to
in one instance by design engineers concerned with the effect of vibra-
tion on heat transfer in such cryogenic systems as rocket propellant
tanks and transfer systems. The aim of this research effort is to develop
a correlation equation for use by design engineers to predict heat flux
variation in enclosures due to vibration.

The first step taken to accomplish this task was to conduct a complete
literature search concerning the effect of vibration on natural convective
heat transfer. It soon became obvious that the effort could be naturally
divided into three distinct areas of study. The first would be an analy-
tical investigation of the general problem of the effect of vibration on
convective heat transfer in an enclosure. The second would be the con-
duction of an experimental program to validate predictions of the analytical
study and, as well, to provide data where none presently exists. The third
area would be an attempt to determine what effect, if any, intense vibration
has on the transport properties of a cryogenic fluid.

The first year's research effort was then directed in these three
parallel paths. The first task involved a literature survey in which
225 articles were catalogued as being of possible interest to this research.
A number of these articles which were considered most pertinent to the
specific problem being investigated were abstracted for quick reference
to their content. These abstracts were presented in the First Quarterly

Report. The bibliography is included as an appendix to this report for




completeness. It is broken into two sections: first, a section concerning
natural convective heat transfer and the effect of vibrations on such heat
transfer, and second, a section concerning the effect of vibrations on
transport properties of fluids.

A study of those papers listed in the first section reveals that
three categorizations can be made. The first would include those papers
dealing with the analytical prediction of heat transfer in enclosures
without vibrations, the second would include those papers dealing with
experimental determination of convective heat transfer rates in enclosures
without vibrations, and the third would be those papers concerning the
effect of vibration on heat transfer rates from any configuration. Although
there is a wealth of information available in these three categories, it
was found that there was no published information concerning either analy-
tical or experimental determination of convective heat transfer rates
within enclosures subjected to vibratory stresses. It was thus felt that
fundamental work was necessary in order to produce data and techniques
which would allow the prediction of convective heat transfer rates in
enclosures subjected to different modes of vibration. Because of this,
and for the sake of simplicity, rectangular enclosures were chosen for
study. Such a geometry would allow for both analytical and experimental
study of a one dimensional heat flux problem in which the heat transfer
surfaces could either be made isothermal or constant flux and, as well,
the vibration vector and heat flux vector could be oriented perpendicular
or parallel to each other. Once this decision was made an analytical
approach was begun immediately and the design of a test apparatus was

also started. The work which followed is described in the sections below.




The review of literature concerning the effect of vibration on the
transport properties of a fluid revealed that no information was available
on this specific topic. As a result a fundamental analytical study was
initiated in an attempt to determine if a theory could be evolved which
would predict whether or not intense mechanical vibrations would affect
the transport properties of a fluid. A description of these efforts is
provided in the following section.

Thus the needs of design engineers concerned with a very practical
problem have pointed to a very broad area of technology for which there
exists a distinct lack of knowledge of phenomena and absence of funda-
mental data. The following sections will describe a three-pronged approach
used to develop techniques, data, theories, and predictive power in this

area of the effect of vibrations on convective heat transfer in enclosures.




ANALYSIS OF PROGRESS

ANALYTICAL

The Natural Convection Problem and Its Formulation

Consider the laminar two-dimensional natural convection of a fluid
enclosed between two plane parallel vertical boundaries a distance W'
apart which are held at different temperatures. The space between the
vertical boundaries is closed by two horizontal boundaries a distance H'
apart where H'>>W' (see Fig. 1). 1In the remaining direction, at right
angles to the plane of the sketch in Figure 1, the space is considered
to extend to infinity. The enclosure, formed as described above and
depicted in Figure 1, is subjected to either longitudinal or transverse
vibration.

The problem is now formulated with respect to a moving co-ordinate
system which is fixed to the vibrating enclosure. Under vibratory con-
ditions, the enclosure and confined fluid are assumed to vibrate together
as a bulk, i. e., no relative motion exists between the enclosure walls
and the confined liquid as a result of the vibration. This assumption
is crucial in that the mathematical formulation of the problem depends
in large measure upon how the vibration effects are incorporated into
the momentum equations. Additional assumptions relating to the manner
in which density variations are considered are also required, and these
assumptions must be weighed quite carefully in the final analysis. Each
of the aforementioned assumptions will be discussed and justified at the

point in the development where it is made.
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Th > Tc

H' >> W'
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Figure 1. Schematic Diagram of Rectangular Enclosure Subjected
to Either Transverse or Longitudinal Oscillations.

Let T}, and T, be the temperatures of the left and right vertical
boundaries respectively. (All dimensional quantities are primed and
all dimensionless quantities are unprimed.) Since pressure differences
in the fluid will be small in comparison to the absolute pressure, varia-
tions in density will be determined by variations in the temperature T'.
If the ratio (T, - T&)/Tf, is small, variation in the temperature of the
fluid normally needs to be considered only in the determination of the
buoyancy force. However, since there is an added force in the momentum

equations due to the enclosure motion, which involves the density of the




fluid, and since it is of primary importance to determine the coupling of
these two forces, variations in the density will also be considered in
this added d'Alembert force. In the other force terms of the momentum
equations the density will be considered uniform at its mean value, i. e.,
its value at T = (Tﬂ + Té)/2.

Considering the assumptions described above, the equation of con-

servation of mass is

3ul + v _ g (1)
ox' 3y

where x', y' are the coordinates as shown in Figure 1 and the corresponding
velocities are u', v'.
Assuming no temperature change in the fluid due to compression and/or

viscous dissipation, the energy equation becomes

1 DT’ - y27 . (2)
a' Dt'

In equation (2) _D is the substantial derivative and V2 is the Laplacian
pt'
operator and are given by

Dt' at' ox' oy’
2 _ 32 32
V4 = Fya + E;TT , and

t' is time and o' is the thermal diffusivity (k'/E'cé for gases, k'/B'cG
for liquids where p' is the density evaluated at T', k' is thermal conduc-

'

tivity of the fluid and cé, cy are the specific heats); a' is considered

uniform at its value at T'.




Considering transverse

are:

Du'
Dt!

Dv'
pt'!

where P' is the pressure in

(= B;), V' is the enclosure
Y

equal to —p'g]

which, consid

vibration (x' direction) the momentum equations

=_1 op' 2 ' av’'
=T + V'v4u' - %T'E?T (3)
B'
=-L1 3P 4 vry2yt 4 ¥ (4)
p’ 3y g

the fluid, v' is the kinematic viscosity

motion, and B§ is the body force. B; is

ering the previous assumption regarding the

smallness of (T} - Té)/Tﬁ, may be written

-
BY

where B' is the volumetric c
acceleration of gravity, and
in that it falls out of the

assumed sinusoidal so that

where a' and w' are the ampl
The last term in equation (3
arises from the vibration of
enclosure and confined fluid

The governing equations

function which satisfies the

-p'gdB'T' + C (5)

oefficient of thermal expansion, gj is the
C is a constant which is of no significance

final equations. The enclosure motion is

a'w' cos w't' (6)

itude and frequency of vibration respectively.
) is a "so-called" d'Alembert force which

the enclosure and the assumption that the
move as a bulk.

may be simplified by introducing the stream

continuity equation identically. The velocity

components are then given in terms of the stream function, Y¥', as:

- 10 -



u' = 3‘{" and

It is also convenient to introduce the vorticity, cﬁ defined by the

following equation:
viy' = ' (7)

The governing equations may be put in dimensionless form by defining

the following dimensionless variables:

a' o
T' - T! V' Te!

T = s V = s t =2t ’
Th - T a'w' W'Z

The energy equation (2) may now be written as

Prﬂ.+u£+v_a_'r.= V2T (8)
ot ax oy

where u = ¥ (9)
3y
v = - oY and (10)
9x
u' C'
Pr is the Prandtl number (—?B) .
The vorticity equation becomes:

vy = -z . (11)

- 11 -




The pressure is now eliminated from equations (3) and (4), o' is
eliminated with the use of equation (5), and equation (6) is used in
writing the d'Alembert force. These operations give

3L 4+
t

d %

7IF

9L 4+ ¥_ 9% = v2¢
Pr oy

+Ra | 2T 4 &' sin @'W'2c 3T [ (19
0x g v' dy

T ot 13 .1
Ty Tc)‘w 8o

where Ra is the Raleigh number = and g' = a'w'? is the

a'v'
maximum acceleration of the enclosure. For longitudinal vibrations, y'

direction, equation (12) needs only to be modified by changing the sign

of the last term in braces on the right-hand side to minus and the 2T

P
to %% . The remaining equations are unaltered. ¢
The initial conditions are:

¥(x,y,0) = o

u(x,y,0) = o

v(x,y,0) = o

z(x,y,0) = o and

T(x,y,0) = o (uniform initial temperature).

The appropriate boundary conditions are:

I
=

¥Y(o,y,t) ¥(1l,y,t) = o , T(o,y,t) =

O, T(l,y,t>

]
o

¥(x,0,t)

!
\y (x ’%-'-’ t)

U(X,O,t) = U(X,".I}J_:’t) =

|
o

v(o,y,t) = v(1l,y,t) = o and
H'
AT(x,0,t) _ OT(x,W',t) _ o
oy 3y

- 12 -




The fluid motion within the enclosure, and thus the heat transfer
rate, is governed by equations (8), (9), (10), (11), and (12) along with

the initial and boundary conditions.

Compressibility Effects

The mathematical formulation of the problem of predicting the effects
of vibration upon natural convection between two vertical parallel isothermal
surfaces was presented in the preceeding paragraphs. In the formulation
it was assumed, as has been done by other researchers studying the effects
of vibration on natural convection from single plane surfaces (154), that
the confined fluid and the enclosing surfaces move together as a bulk. This
assumption permitted modification of the momentum equations to include
implicitly a force term due to the vibration. The validity of this assump-
tion is questionable over wide frequency and amplitude ranges; however,
it has been shown (154) to yield reasonable results at relatively low
maximum enclosure velocities.

Since all real fluids/are compressible to some extent, there will
be points within the confined fluid where the velocity, acceleration, and
displacement are not those of the enclosure itself. The extent of this
difference would be difficult to estimate theoretically to any degree of
accuracy; however, it should be possible to establish an estimate of an
upper bound where this difference is negligible. If one considers a single
plane surface vibrating in a fluid of infinite extent, it may be shown
(154) that if the maximum surface velocity is small in comparison to the
velocity of sound in the fluid, compressibility due to the vibration should

not be important. This conclusion was reached by considering (1) the wall

- 13 -




to be the source of a sound wave with a wave length normal to the wall

\
A = == where Vg is the velocity of sound in the fluid and f is the fre-

2nf
quency of vibration; (2) the maximum compression occurring over half this
wave length to be 2a', where a' is the amplitude of wall vibration; and
(3) considering the ratio ﬁ%L = §§%££-to be the relative compressibility
(reference (154) has-£§L =-%%L£ Whiih is incorrect). For the example
quoted in (154) the relative iompressibility should have been 0.00552
inch/inch instead of 0.001 inch/inch.

For the specific case of a fluid confined in a finite enclosure
undergoing vibrations, additional factors must be considered, i. e.,
wave reflections from the enclosing walls. In this case the maximum com-—
pression that could occur in one-half wave length is 4a' instead of 2a'’

since a standing wave with a 2a' maximum amplitude could be generated.

Thus the relative compressibility, compression per unit distance, becomes

= 8a' _ l6a'fr (13)

A Vg

If we assume simple harmonic oscillation of the enclosure, the maximum

enclosure amplitude a' is given by
a' = 28 (14)
(2nf) 0

where g is the acceleration of gravity and a is the enclosure acceleration

in g's. The maximum enclosure velocity V is defined by
V = 2ra'f . (15)

To simplify the graphical presentation of equations (13), (14), and

- 14 -



(15) for water as the enclosed fluid, both sides of each of these equa-
tions are divided by a, equation (14) is combined with equations (13)

and (15), and VS is set equal to 5000 fps to give

a'/a = 9.8/£2 (in), (16)
C/a = 492/f (in/in), and (17)
V/a = 61.6/f (in/sec) . (18)

(In the above equations f has the units cycle per second.)

Table 1 gives computed values of a'/a, C/a, and V/a for various values of
the frequency of oscillation between lOd and 3000 cps, and Figure 2 shows
a plot of these equations. To use this figure one enters the plot with
a given value of f and reads the values of a'/a, C/a, and V/a from the
curves; when these %uantities are multiplied by selected values of the
acceleration and then the maximum amplitude a', the maximum enclosure
velocity V and the relative compressibility C are obtained.

Table 2 gives values of the relative compressibility C with water
as the enclosed fluid for various maximum enclosure velocities (values
of £, a', and a are also given). For V < 0.616 in/sec we see that C <
0.000984 in/in meaning that there is approximately 0.1% compression,
and the assumption of bulk liquid motion should be valid for maximum
enclosure velocities less than this value. Ho&ever, it should be emphasized
that the equation for the determination of the relative compressibility C
should give only a rough estimate of the degree of compression, and pre-
dictions based upon it should be verified by experiment.

Since the range of maximum enclosure velocity over which the "bulk-

motion" assumption is considered valid is not negligibly small, solution

- 15 -



TABLE 1. Tabulation of a'/a, C/a, and V/a for Various Values of
Frequency f.

f (c/a) x 108 (V/a) x 10% (a'/a) x 108
cps inch/inch inch/second inch
100 984.0 6160 98,000
200 492.0 3080 24,500
300 328.0 2050 10,920
400 246.0 1540 6,120
500 196.3 1233 3,930
600 163.6 1027 2,730
700 140.4 882 2,000
800 123.0 770 1,534
900 109.5 686 1,210

1000 98.4 616 980
1100 89.7 560 811
1200 81.8 513 683
1300 75.6 473 580
1400 70.2 440 499
1500 65.6 411 435
1600 61.3 385 383
1700 57.8 363 340
1800 54.8 342 303
1900 51.8 324 272
2000 49.2 308 245
2100 46.8 293 222
2200 44.6 280 203
2300 42.8 268 185
2400 41.0 257 170
2500 39.4 246 157
2600 37.9 237 145
2700 36.4 229 135
2800 35.1 220 125
2900 33.9 213 116
3000 32.8 205 109

- 16 -



10

102 Frequency, cycles per second 103

Figure 2. Normalized Maximum Amplitude, Enclosure
Velocity, and Compressibility.
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TABLE 2. Tabulation of a', C, and V for Various Accelerations a and
Frequencies f.

£ c x 108 vx10* a'x108
cps inch/inch inch/second inch
a=5
100 4920 30,800 490,000
500 982 6,170 19,660
1000 492 3,080 4,900
2000 246 1,540 1,225
3000 164 1,025 545
a=10
100 9840 61,600 980,000
500 1963 12,330 39,300
1000 984 6,160 9,800
2000 492 3,080 2,450
3000 328 2,050 1,090
a=15
100 14,760 92,500 1,470,000
500 2,950 18,500 59,000
1000 1,476 9,250 14,700
2000 738 4,620 3,670
3000 492 3,070 1,635
a=20
100 19,680 123,200 1,960,000
500 3,926 24,660 78,600
1000 1,968 12,320 19,600
2000 984 6,160 4,900
3000 656 4,100 2,180




Table 2. (continued)

f c x 10° vV x 10" a' x 108

cps inch/inch inch/secend inch
a=25

100 24,600 154,000 2,450,000
500 4,910 30,800 98,200
1000 2,460 15,400 24,500
2000 1,230 7,700 6,120
3000 820 5,120 2,730

- 19 -~



of the mathematical modelr(equations ®, (9, (10), (11), and (12)
including initial and boundary conditions) should yield useful infor-
mation concerning the fluid motion within the enclosure and the heat
transfer rates.

However, due to the complex nature of the governing differential
equations, attempts at a closed-form solution would be quite time consuming
with very little chance of obtaining a solution valid over a significant
range of the pertinent variables. Thus, a numerical solution was under-
taken. It is believed that more useful analytically based results can
be obtained in a much shorter period of time by the numerical method.

Wilkes and Churchill (181) present the results of a numerical
solution of the problem of natural convection in a rectangular enclosure
without vibrations; details of the numerical procedures are contained in

a Ph.D. thesis by Wilkes (180).

Figite Difference Formdlation_gﬁ the Natural Convection Problem

In obtaining a finite difference approximation to a partial differ-
ential equation it is first necessary to establish a system of grid
points. For the following work the grid system shown in Figure 3 will
be used.

The implicit alternating direction methodrdiscussed by Wilkes (180)
will be used in formulating the finite difference equations. In using
the implicit alternating direction method one considers two successive
half time steps At/2. During the first half time step all x space deri-
vatives are approximated implicitly and all y space derivatives are approx-

imated explicitly. During the second half time step the procedure is
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reversed and all x derivatives are expressed explicitly and y derivatives
are expressed implicitly. The procedure is optional however, and, if ome
desires, x derivatives may be expressed explicitiy and ;"derivatives
implicitly during the first half time'step and the procedure again reversed

during the second half time step.

j=n EFEZZIZZZIZLZ
|
fa
AX
v ' Ay
=l 7Y 777 7 7 774

i=1 X i=m

Figure 3. Grid System.

All derivatives will be approximated using central difference forms
whenever possible because of the resultant higher order truncation error
as opposed to forward or backward differences.

Considering the finite difference appro#imatieﬁ for the energy equa-

tion during the first half time step, usihé central differences,

T*

T3 . _ *®
» Ti,5 = Ti,j .y Tit1,5 ™ Ti-1,3 N i,9+¢1 = Ti,4-1
t Y7 R 1,3 2h% Vi,j iy

*
Ti-1,3 7 M,y YT,y Tim

(ax)2 o (8y)?

* * (19)
T I T

where x space derivatives have been expressed explicitly and y space
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derivatives have been expressed implicitly. The superscript * will be
used hereinafter to indicate the value of a dependent variable after a
time increment At/2. The velocity terms u and v have been held constant
during the half time step at their "old" value. During the second half

time step:

T T T T, ¥ ¥
POl e 5 Ha 95 1) IRV [ T MO % PR B 5 e e 5. 1
At/2 > 2A% ? 20y
! - ! ! * - op% *
Ti-1,g %M,y T,y Tiger T MLy P T o0
(Ax)? (Ay)*©

where x space derivatives have been expressed implicitly and y space
derivatives have been expressed explicitly, again using central differences.
The superscript ' will be used to designate the value of a dependent variable
after a second half time step At/2 or after a total time At. The variables

u and v have again been held constant during the second half time step.

Solving equation (19) for T* in terms of T:

v, .
* i,] 1 * | 2Pr 2
Ti,j—l - ZA’ - 3 + Ti,J —_— + 5
y (y) At (by)

Ve o Uz
C I i,] _ 1 = Ti_1 3 i,j + 1
+ Ti,5+1 [ 2Ay (Ay)Z] i=1,3 [ 20 (Ax)2

2Pr 2 Yi,3 1 ;
+ Ty . | 2L - L i % S
1,3 [ At (A"x)f] * Tit1, [ Zax | (Ax)2 ] (21)

which holds for all interior grid points such that
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Considering j = 1, or along the bottom insulated wall: uj1 - 0 and
*
T =0 thus Pr 2L = y27
9y | i,1 ot
Considering a Taylor's series expansion about Tf,l we have

oo oT* (Ay)?2 92T*
Ts o =Ts 7 + A + 287 + ...
i,2 1,1 7 [ dy J i1 2 dys | 1,1

thus

* *
92T - 2(T5 2 = Ti,1)
Byz i,1 (Ay)2

Rewriting equation (19) for the special case j =1

*
S I S Ml O N R 5 I M- U0 Ml v U5
At/2 (ax)“
Z(T%,z - Tz,l) .
(ay)2

Solving for T in terms of T

* 2Pr 4+ __ 2 * -2 -
.1 [ At (AY)ZJ * L2 [ (AY)Z]

. + T
(T3-1,1 + Ti41,1) Ty g | ZE-_2 (22)
(0%) 2 ’ At (Ax)

which holds for grid points such that
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Similarly along the top insulated wall where j = n

% 2 % 2Pr 2
: - + T L+
Tl,n—l [ (Ay)z} i,n[ At (AY)Z]

(T5 1,0 * Tiv1,n) 4o 2°r 2 (23)
in| 5 " =7
(Ax) 2 ’ At (Ax)2

which holds for grid points such that

Thus equations (21), (22), and (23) give the new values of temperature
T*, after a time At/2, in terms of the old’temperature T, Pr, u, v, Ax,
Ay, and At. The matrix of this system has zeros everywhere except on the
main diagonal and on the two diagonals parallel to and on either side of
the main diagonal. Such a system is called a tridiagonal system and may
be solved directly using a simple iterative method discussed by Wilkes (180)
and Forsythe (64). Subsequent consideration of the energy and vorticity
equations in this report will always lead to a tridiagonal system and it
is for this very reason that the implicit alternating direction method
is utilized.

A similar consideration may be made for the energy equation during
the second half time step giving values of T' in terms of T*, Pr, u, v,

Ax, Ay, and At. Details of this development and the development of the

complete set of equations used in the finite difference computations is

- 2% -



given in Appendix I. The specific computational procedures to be utilized
in solving the system of partial differential equations is also given in

Appendix I. Generally the procedures are:

(1) Solve the tridiagonal system to determine values of
temperature at the advanced point in time,
(2) Solve the tridiagonal system to determine values of
interior vorticity at the advanced point in time,
(3) Solve the tridiagonal system to determine values of
the stream function at the advanced point in time,
(4) Using new values of stream function, compute new values
for the velocity components u and v,
(5) Compute new values for vorticity on the enclosure boundaries,

(6) Compute the mean Nusselt number.

The sequence (1) through (6) is applied repeatedly until a steady
state condition is reached.

Although the associated problem formulation and programming using an
implicit alternating direction method is more complicated than for, either
an implicit or explicit method alone, there are two main advantages of

this method. These advantages are:

(1) The m by n tridiagonal matrix system is more easily
solved than is the general m by n system arising in
the straight explicit or implicit method.

(2) Larger time increments may be utilized in the implicit
alternating direction method as compared to the explicit

or implicit method, thus allowing a considerable saving
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in computer time.

As a check on the finite difference formulation of the governing
equations and associated computer programming, several runs were made
considering the non-vibratory enclosure problem. Results of the non-
vibratory problem compared favorably to those obtained by Wilkes (180)
in all cases tested.

Computations have also been made for two enclosure vibratory con-
ditions; (1) an acceleration of lg and a frequency of 100 cps and (2)
an acceleration of 5g's and a frequency of 100 cps. Figure 4 is a plot
of Nusselt number wersus non-dimensional time for a square enclosure
filled with air. For these two vibratory conditions and for the stationary
case, all three curves are for a Grashof number of 10%. The properties
of the air are evaluated at a bulk temperature of 100°F. Since the enclosure
width occurs as a parameter in the vibratory case, the width W' is assumed
to be 10 inches.

At t =0.12 the Nusselt number for the stationary'case has reached
its steady state value. For the lg acceleration case, the Nusselt number
versus t curve differs slightly from the curve for the stationary problem
which indicates negligible vibration effect at this acceleration level.
There is a noticeable effect in the Nusselt number versus t curve as the
acceleration level of the enclosure is increaéed from the 1g to the 5g
level. The 1lg and 5g's curves appear to be sinusoidal about the steady
state curve for the stationary case. This observation can not be substan-

tiated until additional computations have been completed.
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Figure 4. Nusselt Number Versus Time
for an Air-Filled Square

Enclosure Subjected to Vibra-
tory Motion.
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Dimensional Analysis

Consider the natural convection of a fluid enclosed between two
plane parallel vertical boundaries a distance W' apart which are held
at different temperatures. The space between the vertical boundaries
is closed by two horizontal boundaries a distance H' apart, where H'
> W'. The enclosure is subjected to either longitudinal or traverse
vibration. It is desired to determine the dimensionless parameters
which are pertinent to this problem in order to establish a basis for
the experimental work and to properly interpret and correlate the experi~-
mental results.
A set of dimensionless parameters may be determined by normalizing
the equations governing free convection in a vibrating enclosure. Alternately,
a more general set of parameters may be determined by performing a dimensional
analysis of the problem without simplifying assumptions using those variables
which are considered pertinent. The parameters will now be obtained using
the method of dimensjional analysis.
The first and most important step in performing a dimensional analysis
of a problem is to construct a list of variables. For the problem under
consideration here, the list of variables shbuld contain those variables
which are pertinent to the problem in the absence of vibration plus those
variables which are considered necessary to incorporate the vibration effects.
The following variables have been found by others to be required for

the non-vibratory problem:

h' - convective heat transfer coefficient
AT' = (Tj - Té) temperature difference
W' - width of enclosure
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H' - height of enclosure
o' - fluid density
p' = fluid dynamic viscosity

k' - fluid thermal conductivity

B' - volumetric coefficient of thermal expansion
gé - acceleration of gravity
cé - fluid specific heat at constant pressure

As a minimum, the following additional wvariables will be required

to account for the wvibration (the vibration is assumed sinusoidal):

1

a' - maximum amplitude of enclosure vibration

w —- frequency of vibration

Vg — speed of sound
Forming a dimensional matrix of the variables we have:

ky, k, k3 ky kg kg ky kg kg kyg ky; kyp kg

h' AT H' 0! Vé g' Cl') a' -8‘1 W' 11' k! w'
Q'| 1 0 0 0 0 0 1 0 0 0 0 1 0
M'| O 0 0 1 0 0 -1 0 0 0 1 0 0
L'[-2 0 1 -3 1 1 0 1 -0 1 -1 -1 0
T' -1 0 0 o0 -1 -2 0 0 0 0 -1 -1 -1
' i-1 1 0 0 0 0o -1 0 -1 0 0 -1 0

Since 0O 0 0 1 0

0 01 0 O

0 1-1-~1 0 # 0,
0 0-1-1-1
-1 0 0~-1 O

the rank of the dimensional matrix is five, and thus there are 13 - 5 = 8

dimensionless parameters required to form a complete set. In additionm, gé
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and B' appear in the governing equations only as a product and will thus

appear as a product in the dimensionless parameters.

Writing the equations for the exponents k (j =1, 2,..... , 13), we
obtain:
k, +k7 +kio =0 (24)
ky -k ki =0 (25
-2k +k3 -3ky +kg +kg +kg +kig -k ~ki2 =0 (26)
-ki ~ks —2kg k11 -k12 -ki13= 0 (27)
-k1  +ko2 -k7 ~kg -ki2 =0 .(28)

Equations (24) through (28) are solved for kg through k;; to give:

kg =k (29
klo = kl - k3 + 2k,+ - k5 - ks - k’8 (30)
k‘ll = -kq_ + k.7 (31)
k]_z = —k'l - k.7 (32)
k13 = k"-l» - k.s - 2k‘6 (33)

The solution matrix can now bé written by inspection of equations
(29) through (33).

k;  ky kg ky kg kg ky; kg kg kjg ky;  kip kg3

1 1 1 - 1 1 1 1 "t 1 1 v s

h' AT H 3 s 8 cp a B8 W U k W
T 1 0 0 0 0 0 0 0 0 1 0 -1 0
Mo 0 1 0 0 0 0 0 0 1l 0 0 0 0
Ty 0 0 1 0 0 0 0 0 0 -1 0 0 0
Ty 0 0 0 1 0 0 0 0 0o - 2 -1 0 1
Tg 0 0 0 0 1 0 0 0 0 -1 0 0 -1
Tg 0 0 0 0 0 1 0 0 0 -1 0 0 -2
To 0 0 0 0 0 0 1 0 0 0 1 -1 0
Tg 0 0 0 0 0 0 0 1 0 -1 0 0 0

The rank of the solution matrix is equal to

the number of rows; thus

the rows are linearly independent which insures that the dimensionless

parameters m, through Ty are also linearly independent.

The resulting dimensionless parameters are:
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tyg? -— ]
TTl = _..___h W o = B'AT' T3 = %'_

k'
_ V! \
= ;1W|2wv re = s rg = 80
U' wlw! W’w'z
11,1
ro= Bl g -2l
7 k! 8 W

Recalling that gé and B' must appear in the dimensionless parameters

as a product due to the form of the governing equations, we have:

ot 1 1
_ § AT 8o

Mo = Ty Mg = —37aTZ

and the

number of dimensionless parameters is reduced to seven.
We can obtain the more familiar dimensionless parameters by combining
some of the 7's in the following manner:

g'E'AT'W'35'2CI')

Ty = T9 ﬂqz Ty = T = Rayleigh number
_—1 1 1)w1 . s

My =M, Tg = Q_ngg;___ = vibration Reynolds number

u

and
Ty, = Tg ﬂs_l =a'yp' = form of Mach number.
V'
8

The seven pertinent dimensionless parameters forming a complete set

are therefore:

1 1
Ty o= hiw = Nusselt number
k'
Ty = EL_ = aspect ratio
W!
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T, = _P = Prandtl number
7 &
Tg = a' = amplitude ratio
W'

g'-B-'AT'W'gB'ZCI')

111

Mg = Rayleigh number
’lk'
U
L ol (w'a)wW' = vibration Reynolds number
u'
and
Ty, = 2 w' z form of mach number,
VI
s

The Nusselt number may be expressed in terms of the other dimensionless

parameters through use of a functional relation of the form
mo=9 (Tgs Ty, gy Tygs Ty1s Tpp)e

The experimental program will be designed so that m3, m,, 7g, Tigs T11s

and m,, may be varied and the function ¢ determined.

EXPERIMENTAL

Once the decision to study a rectangular geometry had been reached,
the design criteria for the construction of an experimental test cell
could then be established. The limiting factor governing test cell
design was that the electrodynamic vibrations facility to be used could
accommodate a maximum load of forty pounds if the desired acceleration

level of 25g's was to be reached. Another factor was the necessity
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of maintaining a sufficient cell depth in order to assure one dimension-
ality. After a brief study it was decided to maintain a depth to width
ratio of at least four with the conviction that this would minimize end
effects and produce data which was essentially one dimensional. Other
design criteria were established and a computer program written in order
to select the most desirable range of test cell sizes. This was done

and the first cell to be constructed used the dimensions shown below in

Table 3.
Height - 16" ; Depth - 7"
Using 3 sets of sideplates
W' H/W' D/W’
1.7" 9.3 4.1
1.0" 15.8 7.0
0.5" 31.0 14.0

Table 3. Test Cell No. 1 - Dimensions.

The design included an electrically heated hot plate using eight
individually controlled electric heaters. This plate was guarded by
the use of fourteen individually controlled electric heaters. The cold
plate was designed to be maintained as a heat sink with the use of either
water or a refrigerant. In the latter case the entire cold plate would
be incorporated into the evaporator circuit of a refrigeration system.
Side plates were constructed from one-half inch plexiglass especially
selected for its thermal and optical characteristics.

In the process of designing this cell there arose many questions

concerning the effect of the cell base plate design on the induced transverse

- 33 -



vibration level. 1In order to answer these questions a dummy cell was
constructed of approximately the same size, mass, and mass distribution
‘that would exist with the test cell. This cell was instrumented with
accelerometers and put through an extensive series of tests to determine

the magnitude of transverse vibrations as well as the effect of base plate
design on these vibrations. The results of these tests are shown in Figures
5 and 6. Attention is directed to the marked decrease in the induced trans-
verse vibration by modifying the base plate geometry.

With this and other background information the first test cell was
constructed as shown in Figures 7 and 8. The completed test cell minus
instrumentation is shown in Figures 9 and 10.

The instrumentation of the test cell was divided into three areas:
thermal, vibration, and flow visualization. Since small vibration trans-
ducers could be attached at any point on the cell, the main instrumentation
problem was that of thermal instrumentation. It was necessary to measure
local heat flux and temperatures at many points in order to produce high
integrity data. This was accomplished by providing eight primary heaters
and fourteen guard heaters each individually controlled and instrumented
so that power dissipation in each heater could be measured. 1In order to
insure that sufficient information would be available concerning the thermal
field an extensive matrix of thermocouples was installed. Twelve thermo~
couples were imbedded in the surface of the cold plate, sixteen imbedded
in the surface of the hot plate, twenty-eight were used in association
with the guard heaters, and seven were installed as traversing thermocouples.
These thermocouples were suspended from the hot plate to the cold plate

across the enclosure. A special mounting and sealing device was constructed
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so that these thermocouples could be moved longitudinally thus placing
the thermocouple junction at any position across the width of the cell.
The use of these seven traversing thermocouples will produce detailed
data on temperature profiles within the cell. Some difficulty was
encountered in constructing a butt welded thermocouple for use in this
application. A special jig was built and used in the welding process
in order to insure uniformity. Another jig was built upon which each
thermocouple was tested to insure that it would withstand the vibration
stresses which would be imposed upon it under test conditions. These
thermocouples were also tested to insure that they will withstand the
tension necessary to prevent large deflections at the center which would
result in undesirable stirring of the fluid.

After an intensive search of the literature concerning flow visual-
ization techniques, one method was selected for use in this research
project. The one selected makes use of neutrally buoyant particles and
slit illumination combined with photographic techniques. The scheme for
accomplishing flow visualization and local velocity measurements has
been decided upon but the collection of this data has been postponed
until the second year.

The completely instrumented test cell is shown in Figure 11 mounted
on the shaker. 1Initial operation of this cell was accomplished with
water as the cooling medium for the cold plate. These operations con-
sisted of the time consuming process of balancing heater inputs in order
to insure isothermality of the surface of the hot plate and a no flux
condition at the rear and edges of the hot plate. Once this was accom—

plished the first set of data was recorded.
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It was the purpose of the first set of experiments to test the
integrity of the apparatus in a non-vibratory mode. This was accomplished
using a maximum hot plate temperature of 215°F and a cold plate tempera-
ture of about 66°F. The maximum deviation from an isothermal condition
on the hot plate was 29F. This deviation occurred at a temperature of
215°F and decreased significantly at lower temperatures. The maximum
temperature variation over the surface of the cold plate was found to
be 1.5°F. Under these conditions power inputs were measured and temper-
atures recorded. After a radiation correction had been applied, the data
was calculated and presented in the form of Rayleigh number versus Nusselt
number variation.

The results of this first set of data are shown in Figures 12 and 13.
The data shown in Figure 12 was submitted to a least squares curve which

resulted in the equation

Nu = 0.233 Ra0'248 (34)

Numbers were then computed using this equation and compared to experimental
values and the results shown in Figure 13. The average per cent error and
the sum of the errors squared are 6.84 and 2.12 respectively. These are
based on the difference between the experimentally determined Nusselt
number and the Nusselt number calculated using the above equation.
Preliminary comparison of this data to other information found in
the literature indicates that the test apparatus is performing satis-
factorily and yields high integrity data. It thus remains to begin a

comprehensive testing program in the vibratory mode.
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PROPERTIES STUDY

The molecular theory of liquids as proposed by several authors was
studied in an effort to determine the effect, if any, of vibrations upon
the transport properties of liquids. Among the theories investigated
were those of Born and Green (188), Enskog (210) and Eyring (235).

The theory of Born and Green could in principle be applied to the case
in which an external force field is impressed upon a liquid. However,
the experimental information available as to intermolecular potentials
and collision cross-sections is not sufficient to allow even approximate
solutions to the governing equations for this model.

The theory of dense gases and liquids as developed by Enskog is
essentially a correction to the theory of dilute gases which takes into
account the finite size of the molecules involved. The method yields
results which are more accurate than one might expect from such an
analysis. In order to utilize this theory in the present problem, it
would be necessary to first obtain the effect of vibrations upon the
transport properties of dilute gases.

Eyring's significant structure theory of liquids is essentially a hole-
theory. According to this theory, a 1iquid‘contains a certain number of
holes into which molecules of liquid may jump. fThe molecules which are
making the jump into holes have gas-like properties, while the mole-
cules remaining in essentially a fixed position have solid-like properties.
The properties of the liquid may be determined from a weighted average
of the properties of the solid and gaseous phases of the material. Although
it would seem that vibratory motion impressed upon the liquid could affect

the rate at which molecules tend to jump into holes, no reasonable method
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for analytically predicting such an effect could be found.

The difficulty of analytically predicting the effects of vibration
upon the tramsport properties of liquids (or gases) lead to the conclu-
sion that experimental investigation should be undertaken in order to
determine whether or not the transport properties of liquids are affected
by vibrations. In view of the fact that the effect of vibrations upon
transport properties could not be determined analytically, the energy
input to ideal gases as a result of vibrations was studied from the
molecular theory standpoint.

The development which follows is based upon the kinetic theory of
a hard-sphere ideal gas as formulated by Lee, Sears and Turcotte (217).
The problem is formulated as follows. Consider a rigid container as
shown in Figure 14 which encloses an ideal gas initially at some temp-
erature (T,) and pressure (P,). The container is subjected to vibratory
motion normal to one wall. The time rate of energy input due to the
vibrations is determined as a function of the parameters of vibratory

motion, gas properties, and container dimensions.

b——o-% = axis of motion

Figure 14. Rigid Container.

Consider a particle approaching a moving wall as shown in Figure 15.
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Figure 15. Nomenclature for Particle
Approaching Moving Wall.

The relative velocity (x-component ) is:
v cos O - %

If v cos 6 > x, then a collision will result. If one assumes a perfectly
elastic collision, the speed (x-compoment) of the particle after collision

will be
v cos 0 - 2%

The change of particle kinetic energy as a result of the collision will

be:
AKE = I { (v cos 6 - 2x)? - (v cos 6)2]
2
= [ -4 v cos B x + 4&2]
2

= 2m [ X% - v % cos 6}

This is the change of internal energy of the gas due to the collision
of a single particle with the wall. The rate of change of internal energy

may be found by multiplying by the number of collisions per second. The
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number of collisions per unit area per unit time due to particles approaching
the wall at angle between © and 6 + d6 and traveling at speed between v and

v + dv is given by

a%n = 1l(v cos 6 - 1'c)dnv sin 6 d6
v,6 2

Where d?-nV p 1s the number of collisions per unit area per unit time.
s

AKE _ x Collisions = AKE = d2¢
Collision Area - time - 8 - v A-t=-0-xvw

Where the d2E notation is adopted for convenience. The d? implies differ-
entials due to the ranges of v and 8 being considered. é is the time
rate of change of internal energy per unit area.
d%f = . BKE . d?n g = M [ —v2 % cos? 8 + 2vx? cos 6 + %3 dn,, sin 6d6
Collision Vs

To get the work due to molecules striking the wall from all possible

angles, integrate from 6 = 0 to § = 90°.
90° 90°
a2%g = —mdnv[vzi cos?6 - 2vxZcos 6 + &3] sin 646
0 0

dE

N 2 . N
-mdn,, [-Y-S-}E— vx2 + x]

jo )
=
1]

where dﬁ”;skthe change of internal eneﬁgy per unit area per unit time due
only to those molecules having speed between v and v + dv.

This equation is written for the case where the wall is moving away
from the center of mass of the gas. The equation gives the net change of

internal energy at the receding wall per unit area per unit time by those
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gas particles which strike the wall with velocities between v and v + dv.
To determine the change of internal energy per unit area per unit time,
integration over all particle velocities from 0 to = is required. Since
we are dealing with a rigid container here, the opposite (approaching)
wall will be considered before carrying out the integration over all

velocities. The situation at the approaching wall is shown in Figure 16.

r—“‘* x = axis of motion

\'\‘j’;“
AN

N

v

Figure 16. Conditions at Approaching Wall.

The x-component of speed relative between the particle and the wall

before collision is

v cos 8 + x .

and the x-component of speed after collision is

v cos B + 2%

The change of particle kinetic energy as a result of the collision is

AKE .% [ (v cos 6 + 2%)% - (v cos 6)2}

2 m ['v X cos 0O + iﬂ

If collisions occur at same rate on both walls, the net AKE would be sum

of the two AKE's. However, collisions will occur more rapidly at the wall
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where the relative velocity is v cos 6 + x. Therefore, find dE for the

approaching wall and then add. TFor the approaching wall
90°

mdn,, {:V}.{ cose+k2][ Vcose+iﬂsin6de

dE

0

24 . .
mdnv[ -%5+vx +x3]

The net (change of internal energy) is the sum of the changes at the two

walls.

. _ ‘.o
dEnet 2mv x dnV

This is the net change of internal energy of the gas per unit area per
unit time due to molecules with velocity between v and v + dv. Integrate

over all velocities and get

. _ *2 - 2= N
Enet = | 2mvx dnv 2mxX°V v
0
where
N = number of molecules
V = total volume of container
v = average speed of molecules

Now, it can be shown that (see reference (217))

¥ = average velocity = 2.55k T
m
where T = absolute temperature
k = Boltzman's constant
m = mass of molecule.
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Let

Then 2mk?k, VT N
v

net

Since
mN = M = total mass
and
V = AR
p - Mi?K, VT
net *-——-75{——-

which is the time rate of change of internal energy per unit area of the
enclosure walls. The total time rate of change of internal energy is

given by

22 j,

dt L

For the case in which

x = a'w' sin a't

dE _ 2Ma'2w'? sin? w't K, \} T
dt 3 .

Letting the acceleration in g's be given by

i 1,12

32.2

and substituting yields

2 2 2
dE = 2M (32.2)»ﬂz sin® w't K, V T
dt : R,w' 2
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The time rate of change of internal energy of the vibrating enclosure is
proportional to the square of the acceleration level and inversely propor-
tional to the square of the frequency.

In order to obtain some feel for the magnitude of this energy input,
consider the case in which oxygen is enclosed within a rectangular con-

tainer under the following conditions

2 = 1 foot
T = 600°R
p=1atm
Z=20¢g's

w' 100 rad/sec.

1 ft2

>
i

For oxygen

62.9 — ft

K, -
sec - OR

It

Under these conditions

4E - 0,339 sin?wt BIU
dt sec

Taking the average rate of energy input over a cycle gives

dE = 0.339 = 0.170 BTU
dt 2 sec .
This value appears to be large enough to be significant in some cases.
However, it can be noted that the frequency chosen is rather low - approxi-
mately 16 cycles per second. The amplitude of vibration is about 0.72 inches

which is greater than one would expect to encounter in most applicatioms.
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Since there is a continuous energy input during vibrations of an
ideal gas enclosed within a rectangular container, it is of some interest
to investigate the maximum temperatures that would occur in this type
situation. It is obvious that if a perfectly insulated container were
used, the temperature would rise indefinitely. However, perfect insula-
tors do not exist; a steady-state condition will be attained.

In order to determine the situation at steady-state, the rate of
energy input due to vibrations is set equal to the rate of heat transfer

out. TFigure 17 indicates the nomenclature for this situation.

}/-— container walls ’/-——— T, = constant

%/——— end wall

gas

s o

motion

fe- o

N o -

o = constant

Figure 17. Nomenclature for Enclosed
Vibrating Gas.

It is assumed that heat losses through the end walls of the container
may be neglected. The temperature of the outside walls of the container is
assumed to remain constant at T,- Equating the averaged time rate of energy
input due to vibrations to the rate of energy loss due to conduction gives

Ma'2w'?R, V T (T - Tp)
i

where
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A, = conducting wall area

k, = conductivity of walls

Dividing by A.W and noting that.% equals density gives

a2z, 1o S T

d

Elimination of amplitude (a') in favor of acceleration level (Z) and
rearranging yields

(32.2)282pK,d

T - V T+T, = 0

Zkaz

Consider the case in which the gas is oxygen, and

d = 1/2 inch
z = 100 g's
w' = 21 x 100 rad/sec.
k = .09 ft - lbs/sec. - OF - ft
W
T = 540°R
o
P, = 14.7 psia
Then
K, = 62.9 ft/sec - OR’s
o =20 - 081 1b_/£t?

RT,
Solving for the steady-state temperature yields
T = 564°R
Thus, a maximum temperature rise of 24°F could be expected for this parti-

cular case.
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CONCLUSIONS AND RECOMMENDATIONS

The work done during the past year on this research contract has
established a firm basis from which the research can now be directed to
systems utilizing cryogens as well as to systems of different geometrical
configurations. A brief outline of the general results to date follows.

An experimental system utilizing air or water as the test fluid,
was constructed for a rectangular cross-section enclosure with directly
opposing isothermal vertical walls, and heat transfer data in a non-
vibratory mode was obtained for one aspect ratio and various values of
the Rayleigh number. The basic apparatus design proved to be satisfactory
since heat transfer results measured under stationary conditions compared
favorably with published results for similar geometrical configurations.

A mathematical model for the rectangular configuration was proposed and

its solution by finite difference techniques initiated and partial results
obtained. The results of the analytical work were compared with those
obtained experimentally and efforts at obtaining a semi-empirical equation
for overall heat transfer rates were started. Several mathematical models
were proposed for the thermal conductivity of gases and liquids in attempts
to predict the effects of forced vibrations bn this property; the proposed
models proved to be mathematically intractable. However, a study of these
models indicated the need for experimental work in this area. An analytical
prediction of the effect of vibrations upon the bulk temperature of an
ideal gas thermally insulated from its surroundings was obtained.

The general results outlined above and presented in detail in the
previous section will serve as a bésis for our next year's work, which

will be concerned with:
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a) the completion of the numerical work on the
mathematical model for the rectangular enclosure,

b) the establishment of the vibratory conditions
under which the assumption of bulk motion is
valid,

¢) revise the mathematical model or develop a new
one to allow deviations from the bulk motion
assumption,

d) the completion of the experimental work with water
as the confined fluid,

e) the derivation of a semi-empirical equation for the
heat transfer rates for water as the confined fluid
(by combining the experimental and analytical results),

f) the experimental determination of the heat transfer
rates and temperature fields for a cryogen (LN,) as
the enclosed fluid (rectangular enclosure), and

g) the experimental determination of the effect of vibra-

tions upon the thermal conductivity.

In the following paragraphs the objectives itemized above will be
described in more detail, and the anticipated methods of attack will be

outlined.
ANALYTICAL

Numerical solutions of the mathematical model proposed during the
past year for the rectangular enclosure will be sought for an extended

range of the pertinent parameters over which the model is anticipated to
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be valid. These additional results will be combined with the experimental
results of the past year in an attempt to obtain a semi-empirical equation
which will give overall heat transfer rates for various vibratory conditioms.
This equation would be valid only over the range of vibration variables,
such as frequency and acceleration, where the assumption of 'bulk-liquid"
motion has been experimentally verified to be valid. Velocity and temperature
fields obtained by numerical procedures will be compared with those obtained
experimentally. Comparisons will also be made with the published results
for the non-vibratory case which should show graphically the effects of the
vibrations upon the temperature and velocity fields.

Once the range of validity of the '"bulk-liquid" motion assumption is
determined, a means to extend the range of the solution will be sought.
This may be accomplished by modification of the programming technique or
the use of a different mathematical model.

The objective will be an equation with an analytical base, containing
validation and modification from the experimental data, which will permit
design engineers to conveniently predict thermal and velocity fields of

fluid system under vibratory stress.
EXPERIMENTAL

It is recommended that an experimental investigation of the effect
of vibration on heat transfer to liquid nitrogen be conducted. This is
to be accomplished for a series of nitrogen-filled rectangular containers.
Four of the container walls will be insulated and two opposing walls will
be held at uniform, but different, temperatures. While the collection of

data for liquid nitrogen will be the primary effort it will be preceded by
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completion of testing using water as a test fluid. These two efforts will
phase together nicely since continued testing with water can be catried on
at the same time that the liquid nitrogen system is being designed.

The majority of the coming year's experimental effort will be spent
searching for resonance conditions and providing checks for any predictions
which the analytical investigation may evolve. Subsequent to these tests
a series of data collection runs will be carried out to obtain thermal,
photographic, and vibration information over the available ranges of the
variables involved. It 1s this latter part of testing which will occupy
the initial part of the second year's effort.

The investigations using liquid nitrogen as the contained fluid will
necessitate the use of a heat sink at a temperature lower than that of?LNz.
This will be accomplished by placing the test cell in a larger chamber
which will be partially filled with LN,. 1If the pressure in the chamber
is reduced to 2 psia, the corresponding temperature will be 115°R. Maintenance
of atmospheric, or greater, pressure in the cell will insure that a tempera-
ture of 138°R, or greater, can be reached before boiling will occur. Such
an arrangement will yield an allowable temperature difference across the
cell of 23°R or greater, depending on cell pressurization.

The specific experimental efforts that should be exerted during the

year are itemized as follows:

(1) Collection of data over the full range of variables
using the present water-filled test cell. (aspect ratios:
9.3, 15.8, 31.0)

(2) Design and construction of a liquid nitrogen test

unit to provide a range of aspect ratios similar to
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those of the water cells. Collection of data over the

full range using this cell.

The experimental variables to be recorded are:

¢}

(2)

(3)

(4)

(5)

The range

(1)

(2)

(3)

Physical dimensions of each test unit to determine
aspect ratios.

Frequency, amplitude, acceleration level, and
mode of imposed vibration.

Photographic records of typical and atypical flow
patterns.

Sufficient data (temperatures, power input, etec.)
to determine the Rayleigh number for each configu~-
ration and test point.

Temperature distributions within the fluid under

both static and vibratory conditions.
and density of these variables to be recorded will be:

Two test units (1 - H,0, 1 - LN2) with three aspect
ratios achievable for each unit.

Zero to 4 kc/sec range on vibration frequency. Range

or amplitude will be from zero to 1 inch and on acceler-
ation from zero to 25g's. A sufficient density of points
will be recorded to satisfactorily cover the range.
Sufficient photographs will be made of the water-

filled cell to provide a thorough description of flow

patterns. No flow visualization will be attempted for
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the LNo-filled cells unless other data indicates
the existance of some flow phenomena not found in
the water~filled cells.

(4) Rayleigh number ranges from 10* to 10° will be
recorded with approximately fifteen points per
decade. This will be accomplished by suitable
variation in wall temperature, heat flux, and
aspect ratio.

(5) The seven thermocouple scheme for measuring fluid
temperature distributions will be used for both
cells. This produces the temperature profiles
at seven vertical stations in the fluid.

(6) Any conditions of resonance or atypical flow will be
closely monitored with all the experimental variables

and detailed data will be recorded in these instances.

PROPERTIES STUDY

The analytical determination of the effect of vibrations upon trans-
port properties of fluids is a rather formidable task. Any analytical
results which have been obtained in the past or which may be obtained in
the foreseeable future must be based upon molecular models which only
approximate the actual physical situation. It is therefore essential that
reliable information regarding vibration effects on transport properties
be based upon experiment.

The transport properties which could be influenced by vibrations
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include thermal conductivity and viscosity. Of the two, the thermal con-
ductivity appears to offer the greatest prospects for accuraté measurement
under vibratory conditions. Furthermore, this property appears at the
moment more likely to be affected by vibrations than viscosity, because

it has been demonstrated that the internal modes of motion of polyatomic
molecules have appreciable effect upon the thermal conductivity but have
little effect upon the viscosity. It would seem that if vibrations are

to have any effect at all upon properties, the effect would be due to
changes in relaxation time; i. e., effects would be due to the time

required to transfer energy from translational to internal modes.

Therefore, it is recommended that the following investigations be

undertaken during the course of this project:

(1) Obtain numerical results for the rectangglar cross—
section enclosure problem for several values of the
pertinent dimensionless parameters and compare these
results to those obtained in the experimental program;

(2) Obtain complete experimental data from both the water
and the LN2 test cells;

(3) Establish the vibratory conditions under which the
assumption of bulk-liquid motion yields acceptable
analytical predictions of heat transfer rates;

(4) Seek an alternate model which will relax the bulk-
liquid motion assumption;

(5) Measure the thermal conductivity of selected gases
and liquids under vibratory conditions and over

temperatures ranging from ambient to cryogenic.
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Figure 7. Construction Drawing of Complete Test Cell.
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Figure 8. Cross Section of Test Cell.



Figure 9. Assembled L'est Cell #1 Aspect Ratio = 9.3.



Figure 10. Exploded View of Test Cell #1.



Figure 11. Completed Test Cell.
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Appendix I

Finite Difference Formulation of
the Natural Convection Problem
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The system of partial differential equations governing convective
heat transfer in a rectangular enclosure subjected to vibratory motion
is given below along with suitable initial and boundary conditioms.
For the following discussion the vibratory motion will be considered
longitudinal or parallel to the gravity vector.

The energy equation is:

Pri—:g+u—3—;f +nr—5—1—;=V2T (1a)
where WU = é—q‘; and (2a)
n = ——..3_:‘: (3a)

The defining equation for vorticity is:

2- —
VY = -9 (4a)
The combined momentum or vorticity equation is:

35 L w35 Lo XS _ gz
5T TR TRy T VS

2
3T/, _ &' 1. @'W )
+Ra AX(I ‘3‘3,,'5‘“"“7-1) t . (5a)

The initial conditions are:

Y(*,9,0)=0
u(x,ué,cﬂ:O
%,y ,0)=0
S(¥xy4,0)=0 . and
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T (%4, 0) =0 (uniform initial temperature).

The appropriate boundary conditions are:

W(O,Q,t)‘: q}(\a‘a)t) =0
W(x,0,8) = Wik, oo, £) =0
ulx,0t) = ulx, )= 0

v (o) = (pt)=0

T(O)*aft3= 1

1’(1)%)t) =0 and

AT (x,0,£) = ;T(x,%‘_.,t) =0
A‘Q A‘ﬂ'

The system consists of the five equations (la) through (5a) con-
taining the five variables T, u, v, ¥, and Z.
Considering the finite difference approximation for the energy

equation during the first half time step, using central differences,

* %
773'-77J) o[ Titr,d = Tieni --/77JH — T -1\ =
Pr( at/2 U ZAX )+m” Zhy ' ) -

(6a)
Timi = 2 Toi + Teni | Thin =2 Toi + i
(ax)* (ayr*

where x space derivatives have been expressed explicitly and y space
derivatives have been expressed implicitly. The superscript * will be
used hereinafter to indicate the value of a dependent variable after a
time increment At/2. The velocity terms u and v have been held comnstant

during the half time step at their "old" value. During the second half

time step:

+* 1 4 +* *
.ll‘ ." . . ) ] .— ] - 4 ; X ._ —
Pr TL_.At 27 i + ubu( [ 41, - Ti-i,) + ] 7L,j+t At; £,J-
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' ! ! * * *
Timi,i =2 T + Tiwod + T =t =2 T6d + T, i+1 (7a)
x)Z - (ay)*-

where x space derivatives have been expressed implicitly and y space
dering;ves have been expressed explicitly, again using central differ-
encég. The superscript ' will be used to designate the value of a depen-
dent variable after a second half time step At/2 ;r after a total time
At. The variables u and v have again been held constant during the
second half time step.

Solving equation (6a) for T* in terms of T:

T~ 32y ~age ) + T (52 + &)

N N T T Lty SV R T |
+ 7—‘”'*’( zbm% (A%\") - T;"N( 2 AX ¥ (Ax)")

-, [ 2Pr _ Ui l )
+ T ( AL (Ax\") + Toryy ( 2ax T ax)® (82)

which holds for all interior grid points such that

2g&i1ignm-1

2]

A

n-=-1 .

Considering j = 1, or along the bottom insulated wall: u; o= 0 and
’

(35, =0 o A 3F=vT

Considering a Taylor's series expansion about Tl | e have

Tio = T4 + A‘?(%—;;f)i,i + (Ag\L{%*)+
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thus

(317-*) . 2 (Tie = Tia)
)l}l‘ l..,l (A%‘)L .

Rewriting equation (6a) for the special case j =1

p /TZ. —-Tz,:) = Tim = 2 Tip 4 Tieiy
r at/2 (Ax)*

+ 2(Ti2 - T)
(A%)z .

Solving for T* in terms of T

Té:(ZAir "'(fa\z) +Tzfz( < )

T (ag)?
{ Ti-1,0 + Ti+iy1) : [2Pr _ _2
(ax)2 + 7—;"/ At (AX)Z) Ga)

which holds for grid points such that

Similarly along the top insulated wall where j = n

Tom (e + Tl (285 +323 ) =

L.—, + 7_1.. , m t 2 P — é
(. 'm(Ax)z o +T7"’“( Atr (ax)* (10a)

which holds for grid points such that



Thus equations (8a), (9a), and (10a) give the new values of temperature
T*, after a time At/2, in terms of the old temperature T, Pr, u, v, Ax,
Ay, and At. The matrix of this system has zeros everywhere except on
the main diagonal and on the two diagonals parallel to and on eiﬁher
side of the main diagonal. Such a system is called a tridiagonal system
and may be solved directly using a simple iterative method discussed by
Wilkes (180) and Forsythe (64). Subsequent consideration of the energy
and vorticity equations in this report will always lead to a tridiagonal
system and it is for this very reason that the implicit alternating
direction method is utilized.

For the second half time step, equation (7a) may be solved for T'

in terms of T* giving

n, ) u“.)j — I — *¢ ' /U-‘L'l-’l ‘ | )
+7—‘+’”( 2.AX (Ax)z) = T 2by + (ay)*

* (2P _ _2 ¥, [ _ g i
T4 (__A_t—_ (Ala,)z) T ?_LA:} * (A‘g,\z) (112)

which holds for grid points

3gigm=-2

2¢gjsn-1 during the

second half time step. Special forms of equation (1la) will now be
developed for the remaining points of the grid.

Considering the special case

- 68 -



we have =0

*

( 37— ) =0 and considering
g 2

the Taylor's series expansion about Tg,l we have

(;17’*) . 2(Ta2 — Ta,)
Sy /2, (Ay)* -

The energy equation becomes, upon substitution of the above, and noting

that Ti,l = T?,l = T;,; due to the isothermal condition

Tz',,/zpr-r-—zé—) +T3'J,( : ) =

AT (ax)* T x)?

x [ 2Pr 2 ) l |
TZ}'( A (m})z) T2 /W) UL /?Z)T)_i) (12a)
which holds for the point 1 = 2, § = 1.

Using the same method, equations may be developed for the points

1]
[

i=m~-1, ]
i=2 s J=n

i=m~-1, j=mn

These equations may also be written by inspection of equation (lZa)‘and

varying subscripts. The equations are for
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T8 + ) * Ton(—ae) =

Tam( &5 - (AZW ) + Toy () + Tim| (_A’I)‘f) ;o

and for i=m~1, j =n

Tnln'z,m("dﬁi) + T"’I"":’”/ ZA{:r +(£\2)-<)7‘) =

1

Tfn_,,m{ 2;.?’ - (A?‘; )2_) +T4:—l,m—l(($,) ‘f‘—,;w,m((ﬁlx)z)‘ (15a)

For intermediate points aleong j =1 (i. e., 3 igm-2, j=1)

noting that uj ;= 0,

BT, =0 w (T, - 2=l

we have, upon substitution into the energy equation
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Tity1 ( (mz) + T, ( ZM’:' + (XZ;)—,—L) +TZ'+,,//—(AL—-)—2) =

T ZP” (%5)‘)*7—4»7-/@?)1) (162)

A similar equation holds for intermediate grid points along j = n

(i.e., 3sig¢<m~2, j=mn) thus

o 1 v 2P ) /__ ! ) -
T“"’"( (Ax)") +T"’“/ At +(Ax)7— +T‘+" ax)*] ~
2P _ 2 ) * 2 )
7— At (A‘})g_ + TL;M—I/(A?—)Z- , (173)
Considering the special case of intermediate grid points along the column

i=2(.e,4i=2,2<3<n-1), noting that T 5 = T} § = T 4

due to the isothermal condition,

C 2P . 2 ' U Py
TZIJ/ " *(Ax)Z) +T3ﬂ/ S - (mz) =

Tim(5ak +ag) +THi(3E — &y

/

*, _ N2,j | ) Uz, )
Tz,ﬁ/{ zay + Gy + Ty (52 +agz/, s

Similarly for intermediate points along the column i = m -~ 1 (i. e., i =

m-1,2<jigsn-1
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Tz i — o) + T (2 + 2 ) =

2.AX At (ax)*
) omel P * (2P _ 2___)
Tom-1,j-1 284 * /Ata)") T mend (5T (Ay)* +

* , _ Ny, | ) ,(_ Um-—q,J /
TM"I,J"‘I( 2oy +(A%)—,_ +T‘""/J 2 A +/Ax)"), (19a)

Considering all special cases for the second half time step the resulting
equations can be formed into three separate tridiagonal systems. The

systems are formed by equations (12a), (13a), (1l6a)
by equations (l4a), (15a), (17a)
and
by equations (1la), (18a), (19a).

Similar consideration will now be given to the vorticity equation
and the resulting tridiagonal systems developed.

For the first half time step

(STJ-—SLS) + ums(ths-—qud) +

At /2 Pr 2.AX

*
L {5’5;“ =S¢, ) - (5[-:.3 =250 +Sa+.,j) +
Pr zAta (ax)*

(3?,]4 _ 2.3‘::,_6 + STZ.S-H ) + Ra. \/.'b/Tl‘.“'j - TL"-I,J') (20a)

(m%\’- 2 AX
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2
o= ) 2 e W . - At
Vib = | 3 sin—— t and  + ¥

Note that new values of temperature have been used in equation (203).

Solving (20a) for S* in terms of §

A x 12 2
S"J"{ 2Pr ay, (ma)z) * S"J(A't +7&1_)f) +

4, (N‘L,j _ ) = 4. .(ui,j 4 )
Lyt 9P, A‘Q' (A‘})‘Z— CL VTP BX (ax)*

2 _ 2 N LV T I
SL'J(M (Ax)‘) + 3‘*'~{ 2 Pr AX "'(Ax)‘) +

Ra_ Vl. b / TL.'H;.I. - -T-L."IIJ‘ ) (Zla)

2AX

which holds for grid points such that 2 ¢ ig¢m-1,3<j<n-~-2

~

* )
When considering the case j = 2 the term Si , is a vorticity along the
J
boundary i,} and since no new boundary vorticities are known at this stage
*
old values of the boundary vorticities must be used for the term SL |-
)

Therefore for 2 i ¢gm~-1, §j=2 replacing,Sf | by SL i
. J J

S (B * (Azw) + S (“Srb‘“’{s‘@ - EL»;F)

, Uiz ! ~ 2 _ _Z )
SL-';’-(ZP\rAX + (AXY)') N S‘”‘(At axyz) T

. Uiz L L [N -
3L+I,2.( 2Pr AX + (ﬁx)z) + SL"(?_PY A'ﬁ- + (A‘})z) *
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I ?
Ra Vib(T”"’“ ?_‘MT“"L) (22a)

Using s similar argument for the case 2 ¢ 1

Si,m- ( - fgﬁ; - (efum) * StIM*'{AZt +(3¢51) )

Ui, m-) | i 2 _ 2
si‘l.m"IZPr AX + (Ax)’-) + S‘JM"(At (AX)") *

‘ _ ui‘m_l ‘ s — Arl:,M—' l
Sa+l,m-l( 2 Pr AX + (Ax}") + SL:’“( 2 Pr Ay M (AH}\")

! '
+ Ra Vfb(ﬂﬂ’m_'zzxﬂi‘m_l ) ] (23a)
For the first half time step the tridiagonal system for the vorticity
equation is formed using equations (2la), (22a), and (23a).
When considering the second half time step for the vorticity equa-

tion, the procedure is the same as for the first half time step with the

following exceptions:

(1) x derivatives are expressed implicitly
(2) y derivatives are expressed explicitly

(3) the special cases are for

//N
Lt L
ININ
BB
i

Ul

s 2
m-1, 2

o
|

(4) the t term in the expression

]
Vib = 1 - & sin W'H'2 ¢ is

1
v
go

now At instead of At/2.
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The resulting equations are for grid points 3 ¢ igm=-2, 2

Uiy 2 42
Sc—l,i( 2 Pr DX (Ax)z) +s‘/’(At +(Ax)") +

oML o ) = a*, (AT I )_,_
SLH’J(ZPr AX (Ax)Z) Sij-i 2 Pr Ay M (ay)*

* (2 _ 2 v, [_NLj l
S""(At (Auﬂ’-) * s‘“*‘( 2 Pr Ay + (A%‘)") *

] ]
R ’ g ’4 _T ._ , U
Ra. Vi b/ el iAX L=ld ) ; . (24a)

r |2 2 [ Ua,) _ | -
Siﬂ{ at t (L\X)") * Ssll(zPrAx (A&Y‘) -

* N2,y ! * (2 _ 2
211 '{ZPr Ay (Atpl> * Sz (At (By)? ) M
* /_ N2y o | ) 3 ,(uz.j + —l )_,_
2, 2 Pe AL@ (sz,) Wy 2P AR (Ax)*
1 !,
o[ TigaTil) | o
: J

and for i =m-1, 2&j<n-~-1

1 _ Mm—i,)’ — | ! 2 2 -
Sm-?—;j( 2 Pr A% (Ax)z) + 5’“‘“)1 ( At + (Ax‘)’-) -

St (58 ) + ol ~ i)+

* . _ Nom-p,3 | o U=y |
S"“"“*'( 2Pr Ay + LA@Z) + 3"“»3( 2 Pr ax * (AxP) +
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!
' T 4= T’W“Llj)
Ra Vib [ Land o | (262)

Thus at the end of the second half time step the resulting tridiagonal
system is formed using equations (24a); (25a), and (26a).
. Formulation of the vorticity equation in tridiagonal form is sim-

plified since the equation does not contain time directly, thus:

Vil = 2 ¥ () + s () =

o o l R S
-Si; - LI/L,,—:{W) - \‘PL}J+I/(A%’)2) (27a)
which holds for 2gigmn-1
2gjsn-1

For the case i =2, 2 j < n-1 noting that Wi’j = 01

, 2 W [ G0T) ) o

BXy* (ay)*
—8% = Vol A=) = Wa e (e (28a)
2y 2! (Ala,)z 2,1t (A"k)z . 2
Similarly for i =m- 1, 2< j & n - 1 noting that Wﬁ’j =0

(a)* + (ax)* > =

Wioneas (@7 ) =2 Wheoos (F45E ey

i

Srm-n,j = Wm-c,j—n(‘@l‘%’?) = Wi, y+1 (—(A-';Sa:') (29a)

Equations (27a), (28a), and (29a) form the tridiagonal system from
which new values of the stream function may be determined.
In determining values of the velocity components u and v it is

necessary to consider the first order partial derivatives
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By considering a Taylor's series expansion for Wi+2 s
b

1 1 ] . . ]
Wi+1,j s Wi—z,j and Wi—l,j about their value at wi,j

it can be shown that the following approximations are valid:

(..9 ‘V__.'> _ m2 Wini =3Yii + 6 Wing = Wiva, (30a)
SX /i & AX
and
' ! . ! )
(;qﬂj- = LV;-'-L;J' —BYiai + BWi+i = Wiva, (31a)
ax /i) 12 AX

Similar expressions may be developed for %% . Equation (31la) gives
fourth order truncation error while equation (30a) gives third order
truncation error. Whenever possible equation (3la) will be used to

obtain values for velocity components. Considering the v components

of velocity where

v! = - Y’ :
1’j 3X i,j
for i =2, 2¢3j ¢ n=-1noting that ¥] ;= 0
9
', o ',
o= 3YW2) —oY¥ai +Wai
2, - (32a)
’ b X
for i =nm —El » 2gjgn-1 noti?g that Vé,j = - Véel,j
from symmetry conditions and also that Wé , =0

b
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3 Wometif + 6 Yoz, — Wowez,
Wy, = =Sl 2R =3 (33a)

and finally for 3 gigm~-2 ,2<j<g<n~1

1 1 ! A R ’
arhe = -BWYWin, +8Wi-,; - V¥Yi-2,) + "'V,4,+2,J
Ly - I?_Ax (343)

Similar expressions may be developed for uj 4 = [ Y’ ]
i,j

giving for 2 g igm~-1 , j=2
) 1 )
] - ' + ; -— ;
Ui, = 3 Lf} L2 G L//L,B Livl-;4- (35a)
) @A%
or 2£&igm-1 , j=n-1
' 3 q/“ é;kyl. q/‘
Ui moy = oot T A;{'”‘”‘ * Tomd (36a)

and for 2 g igm-1 , 3gjgn~-2

1 / !
U'i S 8 \’PL-;J."" "84”6,)'—1 -t WL':J"L - WL’: J'+7-
) 120y .

(37a)

During the next step, new boundary values of the vorticity will
be obtained. By considering a Taylor's series expansion for the stream

function at points wi,z and Wi,3 about its wvalue at Wi,l,’ on the wall,

it can be shown that

! !
3', — - 8 L"I L',Z. + LF L',3
L, -

’ (38a)
Z/Ata)z-
where the fact has been used that ¥ . =0 , Q¥ =ui , =0 and
1,1 3}7 i 1 s 1 .
3

(14, = ZU¥ha o ¥a) g
Ix* l:,l (Ax)L

the wall., The same method is employed to obtain expressions for
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' i
351,,, ) S:Ij and S/m,j thus for 1 ¢igm , j=n

v / '
! - —BY¥Yi!m-1 + VY m-2
Sim =

2(ay)* (392)
fori=1 , 1<j<n
' . / [
3;,,' - -8 \P?ZJ/AX)-: Y 3,; (40a)
and for i=m , 1< j<n
3' L -8V, + W2, )
my = (41a)

2 (Ax)*

In order to compute g mean value for the Nusselt number it is necessary

to obtain an expression for the temperature gradient at the wall

ax 1,j .

By considering appropriate Taylor's series expansions it can be shown

that

(a_I_)J = U T+ 18Ta = 9Tai + 2Thi,,,

X 6 AX

The mean value for the Nusselt number will be obtained by computing all
values of {.%l } for 1 ¢ j < n and then using Simpson's rule to

x . —————————————

; 1.7

obtain a mean value for | ST or | 2L + The average value
Ix 153 ax 153

for the Nusselt number is then given by

/-\—/-:- = _(—%—)7:?)!' (43a)
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The computational procedures to be utilized in solving the above

system of partial differential equations governing convective heat trans-

fer in a rectangular enclosure subjected to transverse vibration will

(1)

(2)

(3)

(4)

(5)

(6)

now be given in the sequence in which the computations are to be performed:

Solve the tridiagonal systems composed of equations
(8a) through (19a) to determine new values of temper-
ature at the advanced point in time.

Solve the tridiagonal systems composed of equations
(21a) through (26a) to determine new values of interior
vorticities at the advanced point in time,

Using equations (27a) through (29a) compute new values
for the stream function at the advanced point in time.
Using equations (32a) through (37a) compute new values
for the velocity components u and v.

Use equations (38a) through (4la) to compute new values
of the vorticity on the boundaries.

Using equations (42a) and (43a) compute the mean Nusselt

number.

The sequence (1) through (6) is applied repeatedly until a steady state

condition is reached.

Although associated problem formulation and programming using the

implicit alternating direction method is more complicated than for either

an implicit or explicit method alone, there are two main advantages of

- this method.

L

These advantages are:

The m by n tridiagonal matrix system is more easily
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(2)

solved than is the general m by n system arising in

the straight explicit or implicit method.

Larger time increments may be utilized in the implicit
alternating direction method as compared to the explicit
or implicit method, thus allowing a considerable saving

in computer time.
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